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On the Various Aspets of Hamiltonian Desription of
the Mehanis of Continuous Media
G.P.Pronko
Institute for High Energy Physis , Protvino, Mosow reg., Russia
Àííîòàöèÿ
We onsider a general approah to the theory of ontinuous media
starting from Lagrangian formalism. This formalism whih uses the
trajetories if onstituents of media is very onvenient for taking into
aount dierent types of interation between partiles typial for
dierent media. Building the Hamiltonian formalism we disuss some
issues whih is not very well known, suh as relation of famous Thompson
theorem with the symmetry with respet to volume preserving dieomorphisms.
We also disuss the relation between Euler and Lagrange desription
and present similar to Euler C2 formulation of ontinuous mehanis.
In these general frameworks we onsider as examples the theory of
plasma and gravitating gas.
1 Introdution
At the present time almost all fundamental physial phenomena ould be
formulated in the frameworks of either lassial or quantum mehanis. That
means that these phenomena admits the Hamiltonian desription, whih due
to its long history developed many powerful methods of analysis of the general
properties of evolution of the systems and the tools for the solutions of partial
problems.
In this respet the uid mehanis stands aside (in spite of its name) from
orthodox mehanis. The reasons for that is not only the innite number of
degrees of freedom of uid whih ould be treated e.g. within lassial eld
theory or statistial mehanis. The main dierene between onventional
eld theory and ontinuous mehanis is that in the rst ase we an speak
about the dynamis of the eld at one point in spae (whih of ourse
interats with the eld at the neighboring points), while in the ase of the
uid, desribing the interation of the neighboring partiles whih onstitute
the uid we are loosing its position in the spae due to the motion of uid.
In the same time the objetive of usual problems of hydrodynamis is to
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dene the veloity, density and a thermodynamial variable (pressure or
entropy) as the funtions of the oordinates ~x and time t for the appropriate
boundary onditions and/or initial data [1℄. The similar problems also appear
for magnetohydrodynamis dealing with suiently dense plasma [2℄. For the
developing of the Hamiltonian formalism we need to start with more detailed
desription based initially on the trajetories of onstituents of media. This
desription is espeially important for plasma, beause the fundamental eletromagneti
interation ould be formulated only in terms of the trajetories of the
harges. Needless to say that some aspets of this approah was extensively
studied in the series of papers by J.Marsden, A.Weinstein, P.Kupershmidt,
D.Nolm , T.Ratiu and C.Levermore [5℄ espeially in the ontext of stability
problem.
Of ourse not all properties of uid ould be formulated in the frameworks
of the Hamiltonian approah. For example, we leave open the question of the
energy dissipation, visosity et etera.
2 The Lagrangian equations of motion
In uid mehanis there are two dierent pitures of desription. The rst,
usually refereed as Eulerian, uses as the oordinates the spae dependent
elds of veloity, density and some thermodynami variable. The seond,
Lagrangian desription, uses the oordinates of the partiles ~x(ξi, t) labeled
by the set of the parameters ξi, whih ould be onsidered as the initial
positions
~ξ = ~x(t = 0) and time t. These initial positions ~ξ as well, as
the oordinates ~x(ξi, t) belong to some domain D ⊆ R3. In sequel we shall
onsider only onservative systems, where the paths of dierent partiles do
not ross, therefore it is lear that the funtions ~x(ξi, t) dene a dieomorphism
of D ⊆ R3 and the inverse funtions ~ξ(xi, t) should also exist.
xj(ξi, t)
∣∣∣
~ξ=~ξ(xi,t)
= xj ,
ξj(xi, t)
∣∣∣
~x=~x(ξi,t)
= ξj. (1)
The density of the partiles in spae at time t is
ρ(~x, t) =
∫
d3ξρ0(ξi)δ(~x− ~x(ξi, t)), (2)
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where ρ0(ξ) is the initial density at time t = 0. The veloity eld ~v as a
funtion of oordinates ~x and t is:
~v(xi, t) = ~˙x(~ξ(xi, t), t), (3)
where
~ξ(x, t) is the inverse funtion (1). The veloity also ould be written
in the following form:
~v(xi, t) =
∫
d3ξρ0(ξi)~˙x(ξi, t)δ(~x− ~x(ξi, t))∫
d3ξρ0(ξi)δ(~x− ~x(ξi, t)) , (4)
or
ρ(xi, t)~v(xi, t) =
∫
d3ξρ0(ξi)~˙x(ξi, t)δ(~x− ~x(ξi, t)). (5)
Let us alulate the time derivative of the density using its denition (2) :
ρ˙(xi, t) =
∫
d3ξρ0(ξi)
∂
∂t
δ(~x− ~x(ξi, t))
=
∫
d3ξρ0(ξi)
(
−~˙x(ξi, t)
) ∂
∂~x
δ(~x− ~x(ξi, t))
= − ∂
∂~x
∫
d3ξρ0(ξi)~˙x(ξi, t)δ(~x− ~x(ξi, t))
= − ∂
∂~x
ρ(xi, t)~v(xi, t) (6)
In suh a way we verify the ontinuity equation of uid dynamis:
ρ˙(xi, t) + ~∂
(
ρ(xi, t)~v(xi, t)
)
= 0. (7)
.
Using the oordinates ~x(ξi, t) as a ongurational variables we an onsider
the simplest motion of the uid desribed by the Lagrangian
L =
∫
d3ξρ0(ξi)
m~˙x
2
(ξi, t)
2
. (8)
The equations of motion whih follow from (8) apparently are
mρ0(ξi)~¨x(ξi, t) = 0 (9)
Now let us nd what does this equation mean for the density and veloity
of the uid. For that we shall dierentiate both sides of (5) with respet to
3
time
∂
∂t
ρ(xi, t)~v(xi, t) =
∫
d3ξρ0(ξi)~¨x(ξi, t)δ(~x− ~x(ξi, t))
+
∫
d3ξρ0(ξi)~˙x(ξi, t)
∂
∂t
δ(~x− ~x(ξi, t)) (10)
The rst term in the r.h.s. of (10) vanishes due to the equations of motion(9)
and transforming the seond in the same way, as we did in (6) we arrive at
∂
∂t
ρ(xi, t)~v(xi, t) +
∂
∂xk
(
ρ(xi, t)~v(xi, t)vk(xi, t)
)
= 0 (11)
Let us rewrite (11) in the following form:
~v(xi, t)
[
ρ˙(xi, t) +
∂
∂xk
(
ρ(xi, t)vk(xi, t)
)]
+ρ(xi, t)
[
~˙v(xi, t) + vk(xi, t)
∂
∂xk
~v(xi, t)
]
= 0. (12)
The rst term in (12) vanishes due to the ontinuity equation, while the
seond gives Euler's equation in the ase of the free ow:
~˙v(xi, t) + vk(xi, t)
∂
∂xk
~v(xi, t) = 0 (13)
Before moving further we need to make one omment onerning the
Lagrangian (8). The reader may get an impression that this Lagrangian
depends not only on the dynamial variables at the time t, but also at the
initial time t = 0 through the presene of ρ0(ξi). In order to eliminate the
doubt let us take the unity
1 =
∫
d3xδ(~x− ~x(ξi, t)) (14)
and insert it into the integrand of (8).
L =
∫
d3ξd3xρ0(ξi)
m~˙x
2
(ξi, t)
2
δ(~x− ~x(ξi, t)). (15)
Performing the integration in (15) over ξ we obtain:
L =
∫
d3xρ(xi, t)
m~v(xi, t)
2
2
. (16)
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This representation of the Lagrangian (8) shows expliitly the dependene of
L only of the dynamial variables at the time t (besides we are not going to
onsider here the Euler variables as an independent).
In order to have more realisti model of the uid we need to introdue
into the Lagrangian (8) the "potential energy"term whih will give rise to
the internal pressure eld in Euler's equation.
As we have mentioned above, the funtions ~x(ξi, t) dene a dieomorphism
in R3 therefore the matrix
A
j
k(ξi, t) =
∂xj(ξi, t)
∂ξk
(17)
is non-degenerate for any ξi and t. The integral (1) may be expressed via the
Jaobean  the determinant of A
j
k(ξi, t):
ρ(~x, t) =
ρ0(ξi)
detA(ξi, t)
∣∣∣∣∣
~ξ=~ξ(xi,t)
. (18)
For some problems one an hoose the initial density ρ0(ξi) to be uniform
in D ⊆ R3, and eetively normalize the density eld ρ(ξi, t) by putting
ρ0(ξi) = 1 (one partile in the elementary volume). However, we prefer to
keep ρ0(ξi) arbitrary, beause in the ase e.g. the presene of soliton in the
uid the density ould not be uniform at any time.
Taking the "potential energy"to be the funtional of detA we an write
the lagrangian in the following form:
L =
∫
d3ξρ0(ξi)
[
m~˙x
2
(ξi, t)
2
− f(detA(ξi, t))
]
. (19)
In order the Lagrangian be the funtional of the dynamial variables at the
time t, the funtion f(detA(ξi, t)), should has the following form:
f(detA(ξi, t)) = V (
ρ0(ξi)
detA(ξi, t)
)
detA(ξi, t)
ρ0(ξi)
(20)
Now the equations of motion beome
mρ0(ξi)x¨j(ξi, t)− ∂
∂ξk
(
ρ0(ξi)
(
A−1
)
j
k(ξi, t)f
′(detA)detA
)
= 0 (21)
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Substituting x¨j(ξi, t) from (139) to the equation(10) and ating as we did in
the derivation of the equation (13), we obtain
mρ(xi, t)
(
∂
∂t
+ vk(xi, t)
∂
∂xk
)
vj(xi, t)− ∂
∂xj

ρ0(ξi)f ′(detA(ξi, t))
∣∣∣∣∣
~ξ=~ξ(xi,t)

 = 0
(22)
It is now obvious that if we identify the − 1
m
ρ0(ξi)f
′(detA(ξi, t))
∣∣∣
~ξ=~ξ(xi,t)
with pressure p(xi, t), the equation (140) takes the form of usual Euler
equation without visosity:
ρ(xi, t)
(
∂
∂t
+ vk(xi, t)
∂
∂xk
)
vj(xi, t) = − ∂
∂xj
p(xi, t). (23)
For the funtion f(detA(ξi, t)) parameterized as in (20), the pressure has the
following form:
p(xi, t) =
ρ(xi, t)
2
m
∂
∂ρ
(
V (ρ(xi, t))
ρ(xi, t)
) (24)
The pressure p(xi, t) whih appeared here is the result of interation between
partiles, whih onstitute the uid. We an also add to the Lagrangian (19)
the term, whih desribes the interation with an external eld:
Lext = −
∫
d3ξρ0(ξi)U(xi(ξi, t)), (25)
and the Euler equations take the form:
ρ(xi, t)
(
∂
∂t
+ vk(xi, t)
∂
∂xk
)
vj(xi, t) = −∂p(xi, t)
∂xj
− ρ(xi, t)
m
∂U(xi)
∂xj
. (26)
As we shall see later the desription in terms of Lagrange variables is
very onvenient for introduing interation between partiles beause in this
piture the usual oordinates are the dynamial variables. For example,
onsidering two omponents uid  ions and eletron, interating with eletromagneti
eld we obtain the theory of plasma. Introdution the interation of partiles,
whih onstitute the uid with olor gluon eld gives us the theory of quark-
gluon plasma. Very interesting system is the gravitating gas, where partiles
interat with eah other through gravitation eld. These dierent types of
interation hanges the physial properties if the media, but all of them ould
be desribed within the ommon approah.
6
3 Hamiltonian formalism
The desription of uid in terms of Lagrangian variables brings no diulties
in onstrution of anonial formalism. Indeed, for the Lagrangian (19),
the anonial oordinates will be the funtions ~x(ξi, t) and its onjugated
momenta are dened as the derivatives of the Lagrangian with respet to the
veloities ~˙x(ξi, t):
~p(ξi, t) =
δL
δ~˙x(ξi, t)
= mρ0(ξi)~˙x(ξi, t), (27)
The Hamiltonian is given by the Legendre transformation of the Lagrangian:
H =
∫
d3ξ
(
1
2mρ0(ξi)
~p2(ξi, t) + f(detA(ξi, t))
)
. (28)
The anonial Poisson brakets is dened by
{pj(ξi), xk(ξ′i)} = δjkδ3(ξi − ξ′i) (29)
Apparently the Poisson brakets (29) and the Hamiltonian (28) dene the
equations of motion for the anonial variables, whih are equivalent to the
Lagrange equations. The phase spae Γ of the uid is formed by ~x(ξi, t), ~p(ξi, t).
What is missing at the moment is the x-spae interpretation of the variables
~x(ξi, ) and ~p(ξi) and the goal of this setion is to nd a anonial transformation
of ~x(ξi, ) and ~p(ξi) to equivalent set of oordinates in Γ, whih are x-dependent
funtions.
Let us introdue the new objets using the same averaging, as we used in
the previous setion
~l(x) =
∫
d3ξ~p(ξi)δ(~x− ~x(ξi)) = ρ(x)~p(ξi(x)). (30)
The Poisson brakets of
~l(x), indued by (29) has the following form:
{lj(xi), lk(yi)} =
[
lk(xi)
∂
∂xj
+ lj(yi)
∂
∂xk
]
δ(~x− ~y). (31)
These Poisson brakets was introdued geometrially as "the hydrodynami-
type brakets"long ago in the papers [7℄ without physial explanation. The
present disussion reveals the origin of these brakets. The ommutation
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relation (31) oinides with algebra of 3-dimensional dieomorphisms. In
other words,
~l(x) are the generators of the nite dieomorphism xj → φj(xi)
of any x-dependent dynamial variable in Γ. It should be mentioned that the
group of dieomorphisms, generated by lj(xi) is not a gauge symmetry in ase
of uid mehanis, as it is in the ase of e.g. relativisti string or membrane.
In the same time in uid mehanis there is an innite dimensional symmetry
(but not a gauge symmetry) with respet to speial (i.e. volume preserving)
dieomorphisms SDiff , whih will be onsidered in later.
Let us leave for a moment
~l(x) and onsider another x-dependent funtions
ξi(x) whih are the inverse to xj(ξi) funtions (1). Dierentiating the rst
equation (1) with respet to x we obtain:
A
j
k(ξi(xk))
∂ξk(xi)
∂xl
= δjl , (32)
in other words, the matrix
akl (xi) =
∂ξk(xi)
∂xl
(33)
is inverse to A
j
k(ξi(xk)). Therefore, from (136) it follows that
ρ(xi) = ρ0(ξi(xi))deta
k
l (xi) (34)
To simplify the alulation of the Poisson brakets we an express ξj(xi) in
the following form:
ξj(xi) =
∫
d3ξρ0(ξi)ξjδ(~x− ~x(ξi, t))∫
d3ξρ0(ξi)δ(~x− ~x(ξi, t)) . (35)
From (35) we easily obtain
{ξj(xi), ξk(yi)} = 0 (36)
The alulation of the Poisson brakets between ξj(xi) and lj(xi) is more
involved, but the result is simple:
{lj(xi), ξk(yi)} = −∂ξk(xi)
∂xj
δ(~x− ~y) (37)
In suh a way we have onstruted the set of x-dependent oordinates (lj(xi), ξj(xi))
in the phase spae Γ, but the transformation
(pj(ξi), xj(ξi))→ (lj(xi), ξj(xi)) (38)
8
is not anonial. The set of anonial x-dependent oordinates in Γ ould be
obtained in the following way. Let us multiply both sides of (37) by matrix
Ajm(ξi(xk)):
Ajm(ξi(xk)){lj(xi), ξk(yi)} = −δkmδ(~x− ~y), (39)
where we have used (32). Further, due to the relation (36), we an put
Ajm(ξi(xk)) inside the brakets and obtain:
{πm(xi), ξk(yi)} = δkmδ(~x− ~y), (40)
where
πm(xi) = −Ajm(ξi(xk))lj(xi) (41)
By tedious, but diret alulation we also obtain
{πm(xi), πk(yi)} = 0, (42)
so the set (πm(xi), ξk(yi)) is formed by the anonial variables. In terms of
these anonial variables the generators of the group of diomorphisms lj(xi)
has the following form:
lj(xi) = −∂ξk(xi)
∂xj
πk(xi). (43)
For the Lagrangian onsidered, from (27) and (30) follows that lj(xi) is given
by
lj(xi) = mρ(xi)vj(xi) (44)
and the representation (43) is very similar to Clebsh parametrization [8℄ of
the veloity. The distintion of (43) from the original Clebsh parametrization
is the appearane of three "potentials instead of two, for the 3-dimensional
uid. The reason of this dierene will be disussed in the end of this setion.
The anonial Hamiltonian (28) should now be expressed in the terms of
new variables (πm(xi), ξk(yi)). Indeed, let us again insert the unity
1 =
∫
d3xδ(~x− ~x(ξi)) (45)
into the integrand (28) and hange the order of integration:
H =
∫
d3x
∫
d3ξ
(
1
2mρ0(ξi)
~p2(ξi, t) + f(detA(ξi))
)
δ(~x− ~x(ξi)), (46)
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Performing the integration over ξ with the help of (2) and (30) we obtain:
H =
∫
d3x
(
1
2mρ(xi)
~l2(xi) + ρ(xi)f(
1
ρ(xi)
)
)
. (47)
Making use of (43) we an express H via anonial variables (πm(xi), ξk(yi)):
H =
∫
d3x
(
1
2mρ(xi)
∂ξk(xi)
∂xj
∂ξm(xi)
∂xj
πk(xi)πm(xi) + V (ρ(xi))
)
, (48)
where the funtion V (ρ(xi)) for the "potential"part of the energy was introdued
in (20). For usual uid or gas this term represents the internal energy of the
uid and it should vanish for uniform density distribution ρ(xi) = ρas. A
phenomenologial expression for V (ρ(xi)) ould be written as follows [9℄:
V (ρ(xi)) =
κ
2ρ0
(δρ(xi))
2 + λ(∇ρ(xi))2 + ... , (49)
where δρ(xi) is the deviation of the density from its homogeneous distribution:
δρ(xi) = ρ(xi)− ρas. (50)
The rst term in (49) is responsible for the sound wave in the uid (κ is the
veloity of sound), the seond term in (49) desribes the dispersion of the
sound waves.
In order to reveal the relation of the Hamiltonian ow, generated by (48)
with geodesi ow [4℄ let us introdue the metri tensor gjk(xi):
gjk(xi) = A
m
j (ξi(xk))A
m
k (ξi(xk)). (51)
With this notation (48) takes the form:
H =
∫
d3x

 1
2m
√
g(xi)g
km(xi)πk(xi)πm(xi) + V (
1√
g(xi)
)

 . (52)
The metri tensor with upper indies gjk(xi) denotes, as usually the inverse
matrix and
g(xi) = detgjk(xi) =
1
ρ2(xi)
(53)
The representation (52) permit us to onsider the hydrodynamis as the
geodesi ow on the dynamial manifold with metri gjk(xi) and many general
properties of the hydrodynamis ould be derived from this fat (see e.g. [4℄).
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4 Innite-dimensional symmetry and integrals
of motion.
As we have mentioned above, the Lagrangian (19) possesses the invariane
with respet to the "volume preserving"group of dieomorphisms SDiff [D],
where D ⊆ R3. Indeed, let us write the Lagrangian (19) in terms of the
Lagrangian density (to simplify the equations, in this setion we shall take
the initial density ρ0(ξi) = 1 )
L =
∫
d3ξL(ξi) (54)
and onsider the transformations from SDiff [D] of the oordinates ξi ∈ D
ξj → ξ′j = φj(ξi), (55)
det
∂φj(ξi)
∂ξk
= 1. (56)
Apparently, due to (56) we obtain:
L =
∫
d3φ(ξi)L (φ(ξi)) =
∫
d3ξL (φ(ξi)) (57)
and aording to Noether's theorem this invariane results in the existene of
an innite set of integrals of motion. To obtain these integrals we rst need
to nd the parametrization of the transformations (55), (56) in the viinity
of identity transformation:
φj(ξi) = ξj + αj(ξi). (58)
From (56) follows the equation for αj(ξi):
∂αj(ξi)
∂ξj
= 0. (59)
Further we must expliitly take into aount that the volume preserving
dieomorphism (55) leaves the boundary of D invariant. We shall limit
ourself with the ase when D is formed by extration of the domain with
the dierentiable boundary given by
g(ξi) = 0 (60)
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from R3. Physially that means that we put in the uid the xed body,
the shape of whih is given by (60). The ondition that the innitesimal
dieomorphism (58) preserves D in this ase is
g(ξj + αj(ξi))
∣∣∣
g(ξi)=0
= 0, (61)
or
αj(ξi)∇jg(ξi)
∣∣∣
g(ξi)=0
= 0. (62)
Geometrially equation (62) means that the vetor ~α(ξi) is tangent to the
surfae, dened by (60), beause the vetor ∇jg(ξi)
∣∣∣
g(ξi)=0
is proportional to
the normal nj(ξi) of the surfae (60) at the point ξi.
From Noether's theorem we obtain that the invariane of the Lagrangian
with respet to the transformation (58) gives the following onservation law:
∂
∂t
∫
D
d3ξpm(ξi)
∂xm(ξi)
∂ξl
αl(ξi) = 0, (63)
where αl(ξi) satises to the onditions (59) and (62). The existene of these
onditions forbids to take the variation of the l.h.s. of (63) over αl(ξi) and
obtain the loal form of integrals of motion. For that we need to extrat from
(59) and (62) the integral properties of αl(ξi).
Consider an arbitrary, single-valued, dierentiable in D funtion β(ξi).
Then the following equations are valid:
0 =
∫
D
d3ξβ(ξi)
∂αj(ξi)
∂ξj
=
=
∫
D
d3ξ
∂
∂ξj
(
β(ξi)αj(ξi)
)
−
∫
D
d3ξαj(ξi)
∂β(ξi)
∂ξj
, (64)
The rst equality is valid due to ondition (59). Using Stokes theorem we
an transform the integral of total derivative in the last equality (64):
∫
D
d3ξ
∂
∂ξj
(
β(ξi)αj(ξi)
)
=
∫
∂D
dSj
(
β(ξi)αj(ξi)
)
= 0, (65)
where ∂D denotes the boundary of D. The last integral in (65) vanishes due
to ondition (62) beause the dierential dSj is proportional to the normal
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vetor of the surfae ∂D, dened by (60). From (64) and (65) we onlude
that ∫
D
d3ξαj(ξi)
∂β(ξi)
∂ξj
= 0 (66)
for any smooth, dierentiable β(ξi). Taking this property of αj(ξi) into aount
we obtain from the onservation laws (63) that the quantities
Jk(ξi) = pm(ξi)
∂xm(ξi)
∂ξk
(67)
are onserved modulo some term whih is the gradient of a salar. In partiular,
that means that
Rj(ξi) = ǫjkl
∂
∂ξk
Jl(ξi) = ǫjkl
∂
∂ξk
(
pm(ξi)
∂xm(ξi)
∂ξl
)
. (68)
is the integrals of motion. Note, that as the group of invariane is innite-
dimensional, we obtain an innite number of integrals of motion.With respet
to Poisson brakets (29) the Rj(ξi)'s form an algebra. This algebra ould be
written in a ompat form for integrated objets
R[φ] =
∫
d3ξφj(ξi)Rj(ξi), (69)
where φj(ξi) are smooth, rapidly dereasing funtions. The algebra of R[φ]
indued by Poisson brakets (29) has the form:
{R[φ], R[ψ]} = R[curlφ× curlψ] (70)
The onstrution of the x-dependent objet, orresponding to Rj(ξi) is not
an easy task, beause our "averaging"with δ(~x − ~x(ξi)) will introdue time
dependene and instead of onserved objet we shall obtain a density, whose
time derivative gives a divergene of a "urrent". Therefore we need to
introdue another kind of averaging without expliit refereing to the ~x(ξi)
oordinates. For that reall that under dieomorphism a losed loop transforms
into losed loop. Then let us onsider suh a loop λ and a surfae σ whose
boundary is λ. The integral
V =
∫
σ
dSjRj(ξi) (71)
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where the vetor dSj is as usually the area element times the vetor, perpendiular
to the surfae, is onserved, beause of the onservation of Rj(ξi). Further,
from Stokes theorem we have:
T =
∮
λ
dξjpm(ξi)
∂xm(ξi)
∂ξj
. (72)
Changing the variables in (72) we obtain:
T =
∮
Λ
dxj
lj(xi)
ρ(xi)
=
∮
Λ
dxjvj(xi), (73)
where Λ is the image of the loop λ under dieomorphism ξj → xj(ξi). The
objet (73) is very well known in hydrodynamis as the "irulation"and
its onservation is known as W.Thompson theorem [10℄. The relation of the
irulation onservation with the invariane under speial dieomorphisms
was rst expliitly established in [14℄, though it also ould be extrated from
general disussion in Appendix 2 of [4℄. In order to avoid onfusion we should
make a remark onerning the meaning of the ontour integral (73). The
matter is that the dieomorphism ξj → xj(ξi) transforms a xed loop λ into
time dependent loop Λ and while e.g. alulating the Poisson brakets of T
with Hamiltonian we need to dierentiate not only the integrand, but also
the ontour. The expliit form of this integral is
T =
∮
Λ
ds
∂xm(ξi(s), t)
∂s
vm(xk(ξi(s), t), t), (74)
where ξi(s) is the ontour λ. In this form it learly seen that the irulation
ould not be expressed in terms only Euler variables. In next setion we shall
ome bak to this issue and disuss the relation of the symmetry with respet
to SDiff and Euler desription.
Conservation of irulation is not the only onsequene of (63). Consider
for example the ase of 2-dimensional spae. Here, instead of the onserved
vetor Rj(ξi) we shall have the onserved salar
R(ξi) = ǫkl
∂
∂ξk
Jl(ξi) = ǫkl
∂
∂ξk
(
pm(ξi)
∂xm(ξi)
∂ξl
)
, (75)
This salar denes the following integrals of motion:
In =
∫
D
d2ξRn(ξi) =
∫
D
d2ξ
(
ǫkl
∂
∂ξk
(
pm(ξi)
∂xm(ξi)
∂ξl
))n
. (76)
14
Changing variables in (76) ξj → ξj(xi) whih is possible, beause ξj(xi) is a
dieomorphism of D, we obtain:
In =
∫
D
d2xρ(xi)
(
ǫklA
j
k(ξ(x))A
m
l (ξ(x))
∂pm(ξ(x))
∂xj
)n
, (77)
where the matrix A
j
k(ξ) was dened in (17). We an present In as
In =
∫
D
d2xρ(xi)
1−n
(
ǫjm
∂
∂xj
lm(xi)
ρ(xi)
)n
. (78)
using the following property of 2-dimensional matrix A
j
k(ξ):
ǫklA
j
k(ξ(x))A
m
l (ξ(x)) = ǫjmdetA(ξ(x)) = ǫjm
1
ρ(xi)
, (79)
Using the relation between
~l(xi) and veloity we an rewrite the integrals of
motion in ase of 2-dimensional uid in the following form:
In =
∫
D
d2xρ(xi)
1−n(∂1v2(xi)− ∂2v1(xi))n. (80)
We see that the integrals In are the funtionals only of Euler's variables. The
onsequenes of this property will be disussed in the next setion.
In the ase of 3-dimensional spae we an onstrut the analogous integrals
of motion, integrating the produts of the vetor (68):
Kj1,j2...jn =
∫
D
d3ξRj1(ξi)Rj2(ξi)...Rjn(ξi) (81)
Changing variables ξj → ξj(xi) as above we shall obtain:
Rj(ξ)→ Rj(ξ(x)) = ǫjklAmk (ξ(x))Anl (ξ(x))
∂pn(ξ(x))
∂xm
. (82)
In the 3-dimensional ase the matries Amj (ξ(x)) satisfy the equation:
ǫjklA
m
k (ξ(x))A
n
l (ξ(x)) = ǫmnr
∂ξj(x)
∂xr
detA(ξ(x)), (83)
Therefore (82) takes the form:
Rj(ξ(x)) =
1
ρ(xi)
ǫmnr
∂ξj(x)
∂xr
∂pn(ξ(x))
∂xm
(84)
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The integrals Kn in (81) beome
Kj1,j2...jn =
∫
D
d3xρ(xi)Rj1(ξ(x))Rj2(ξ(x))...Rjn(ξ(x)) (85)
Apparently, due to the presene of
∂ξj(x)
∂xr
in (84), we an not in this ase
express (85) only in terms of veloity and density, i.e. the Eulerian desription
does not admit this kind of integrals of motion.
In the 3-dimensional ase there is one more integral, whih does not
exist in any other dimension. Reall that the vetor Jk(ξi), given by (67)
is onserved modulo gradient, therefore the integral
Q =
∫
D
d3ξJk(ξi)Rk(ξi) (86)
is onserved beause
~R(ξi) = curl ~J(ξi). Transforming the ξj-dependent variables
to the xj-dependent ones in (86) we obtain heliity funtional :
Q =
∫
D
dxǫjklpj(ξ(x))
∂pk(ξ(x))
∂xl
. (87)
5 Euler variables.
This setion we shall disuss the relation of Lagrange and Euler desription
of hydrodynamis (see also a very deep and interesting disussion in [14℄,
there also ould be found numerous referenes to the earlier investigations).
In our approah, presented in Setion 3 the phase spae of the 3-dimensional
uid is 6-dimensional (×∞), as it naturally follows from Lagrange desription.
This ould be ompared with reent papers [11℄, where (in our notations) only
ρ(xi) and vj(xi) are regarded as the oordinates in the phase spae (this point
of view of ould be found also in dierent text books and artiles) see for
example [4℄, [9℄, [13℄.
Aording to the onventional point of view the state of the uid is
determined by its veloity and density and therefore all other variables like
ours ~x(ξi) are not needed. Indeed, solving the Euler equations of motion we
an express the veloity ~v(xi, t) and the density ρ(xi, t) at time t via the
initial data ~v(xi, 0) and ρ(xi, 0) . Then, from the denition of ~v(xi, t) (3)
follows
~v (x(ξ, t), t)) = ~˙x(ξ, t). (88)
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(here we have suppressed the indies of the arguments for brevity). Apparently
we an solve these equations with respet to ~x(ξ, t), provided we know the
initial data ~x(ξ, 0). Therefore it may seem that the variables ~x(ξ, t) are
unneessary, as it ould be obtained through the others. But the initial data
~x(ξ, 0) are half of the anonial variables in Hamiltonian formalism. So, in our
approah we indeed need more variables. These additional variables provide
the omplete desription of the uid in a sense that solving the equations of
motion we dene not only the ~v(xi, t) and ρ(xi, t) but also the trajetories
of the partiles whih ould not be obtained in the onventional formalism.
The situation is analogous to the rigid body rotation: here the phase spae
Γ is formed by 3 angles and 3 omponents of the angular momentum Ji.
As the Hamiltonian depends on the omponents of Ji only, we an onsider
separately the evolution of the angular momentum. This is inomplete desription
for this mehanial system. The omplete one ertainly should inludes the
evolution of the angles, whih dene the loation of the rigid body in spae.
In the ase of uid dynamis the omplete desription is to be done
in the 6-dimensional phase spae Γ formed by ~x(ξ) and ~p(ξ) (or ~ξ(x) and
~l(x)). If, as it is usually the ase, the Hamiltonian depends only on ~l(x) and
ρ(x), partial desription in terms of the veloities and densities onsidered
as "relevant"variables is possible. This means that we do not are about
the evolution of the whole set of oordinates of the phase spae whih are
onsidered as inessential. The "relevant"part of the oordinates does not
neessarily form a simpleti subspae in Γ. The non-degenerate Poisson
brakets in Γ ould beome degenerate on the subset of Γ, orresponding to
the "relevant"variables. This is indeed the ase in the rigid body and in the
onventional uid dynamis. In the rst ase the degeneray of the algebra
of Poisson brakets for the "relevant"variables  angular momentum is well
known. Its enter element is the Casimir operator of the rotation group.
In the ase of uid dynamis the algebra of the "relevant"variables 
veloities and densities for arbitrary dimension has the following form:
{vj(xi), vk(yi)} = − 1
mρ(x)
(∇jvk(xi)−∇kvj(xi)) δ(~x− ~y)
{vj(xi), ρ(yi)} = 1
m
∇jδ(~x− ~y)
{ρ(xi), ρ(yi)} = 0 (89)
This algebra ould be obtained from equations (31), (36)and (37). The enter
of this algebra is innite-dimensional and its struture depends on the dimension
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of x-spae. To nd the enter of it the following onsideration ould be
useful. In the previous setion we have onsidered the invariane of the uid
dynamis with respet to the innite-dimensional group of speial diomorphisms
SDiff . This group ats on the Lagrange variables, and in [14℄ it was alled
"relabeling symmetry". Apparently, this transformations do not aet the
Euler's variables ~v(xi) and ρ(xi). Therefore these variables should have vanishing
Poisson brakets with the integrals of motion, orresponding to the invariane
with respet to the speial diomorphisms. Indeed, the diret alulation
gives:
{Rkl(ξi), vm(xi)} = 0,
{Rkl(ξi), ρ(xi)} = 0, (90)
where we denote as Rkl(ξi) tensor
Rkl(ξi) =
∂Jk(ξi)
∂ξl
− ∂Jl(ξi)
∂ξk
, (91)
whih ontrary to the vetorRk(ξi) dened in the previous setion, is appropriate
for any dimensions. Needless to say that the irulations (73) also ommute
with ~v(xi) and ρ(xi). This observation gives us a guideline for the onstrution
of the ental elements of the algebra (89). Indeed, if we ould nd a funtional
of Rkl(ξi), suh that after transformation to x-dependent representation it
will depend only of ~v(xi) and ρ(xi), then it automatially falls into the enter
of (89). As we have seen in the previous setion, in ase of 2-dimensional uid
we were luky and the integrals In, given by (80) were expressed only via
Euler variables. Therefore In form the enter, the fat whih is known sine
long , see [4℄, [11℄ for the disussion. Here we want to note the remarkable
fat: the symmetry, whih is unknown to the variables ~v(xi) and ρ(xi), helps
to nd the enter of its algebra!
The 3-dimensional ase we shall onsider in details in the next Setion.
The Casimirs whih follow from the reasonings, given above are the "heliity"funtional
Q =
∫
d3xǫjklvj(~x)∇kvl(~x). (92)
The other Casimir is the total number of partiles N(valid for any dimension,
for d = 2, N = I0):
N =
∫
d3xρ(xi) (93)
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6 C2 Hydrodynamis
The 3-dimensional ase, whih is very important for appliations was onsidered
by many authors starting from XIX entury. It is hardly possible to give an
exhaustive list of referenes. Reently it was disussed in [12℄ (see also [14℄
for earlier referenes) where it was suggested to build Hamiltonian formalism
for 3-dimensional Euler uid using Clebsh parametrization for the veloity :
~v(xi, t) = ~∂α(xi, t) + β~∂γ(xi, t) (94)
where the new funtions α(xi, t), β(xi, t), γ(xi, t) together with density ρ(xi, t)
are used for the onstrution of the oordinates of the phase spae. What
we are going to suggest here is an alternative approah, whih has ertain
advantages [15℄.
Let us onsider a mehanial system whih is desribed by a pair of
omplex oordinates whih belong to C2 ×∞: uα(xi, t), u¯α(xi, t), where
α = 1, 2. The Lagrangian for this system we shall take in the following form:
L =
∫
d3x{ im
2
(u¯(xi, t)u˙(xi, t)− ˙¯u(xi, t)u(xi, t))
+ m
(u¯(xi, t)~∂u(xi, t)− ~∂u¯(xi, t)u(xi, t))2
8u¯(xi, t)u(xi, t)
− V (u¯(xi, t)u(xi, t))},(95)
where we assume the summation over indexes. The anonial momenta,
orresponding to the variables uα(xi), u¯α(xi) are given by equations (from
now on we again will suppress the time argument)
puα(xi) =
im
2
u¯α(xi),
pu¯α(xi) = −
im
2
uα(xi). (96)
As it expeted for the Lagrangian whih is a linear funtion of veloities, the
equations (96) dene the onstraints on the anonial variables:
λ1α(xi) = p
u
α(xi)−
im
2
u¯(xi)α ∼ 0,
λ2α(xi) = p
u¯
α(xi) +
im
2
u(xi)α ∼ 0. (97)
The Poisson brakets of the onstraints are non-degenerate
{λ1α(xi), λ2β(yi)} = imδαβδ(~x− ~y). (98)
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and we an use these onstraints to eliminate anonial momenta puα(xi), p
u¯
α(xi)
using Dira proedure [18℄. The resulting Poisson (Dira) brakets for the rest
of oordinates of the phase spae Γ˜ are:
{uα(xi), u¯β(yi)} = i
m
δαβδ(~x− ~y),
{uα(xi), uβ(yi)} = 0,
{u¯α(xi), u¯β(yi)} = 0. (99)
The Hamiltonian, orresponding to the Lagrangian (95) has the following
form
H =
∫
d3x[−m(u¯(xi)
~∂u(xi)− ~∂u¯(xi)u(xi))2
8u¯(xi)u(xi)
+ V (u¯(xi)u(xi))] (100)
Now we shall explain why we onsider this system. Let us form the
following objets:
~v(xi) =
1
2i
(u¯(xi)~∂u(xi)− ~∂u¯(xi)u(xi)),
ρ(xi) = u¯(xi)u(xi). (101)
The notations we have used here are not aidental. The point is that if we
shall alulate the Poisson brakets for (101), using (99) the result will exatly
oinide with (89). The Hamiltonian H , given by (100), being expressed via
~v(xi) and ρ(xi) will take the following form:
H =
∫
d3x[
1
2
mρ(xi)~v(xi)
2 + V (ρ(xi))], (102)
whih also oinides with Hamiltonian given by (47).
The equations of motion for the variable uα(xi), u¯α(xi) have the usual
form:
u˙α(xi) = {H, uα(xi)}
˙¯uα(xi) = {H, u¯α(xi)} (103)
Apparently, the orret equations of motion , inluding the ontinuity equation
for variables ~v(xi) and ρ(xi) follow from (103).
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As was mentioned above, the desription of the uid in terms of uα(xi), u¯α(xi)
is rather similar to the desription whih uses Clebsh parametrization. Indeed,
these variables ould be presented in the following form:
uα(xi) =
√
ρ(xi)e
iφ(xi)/2
(
e−iψ(xi)/2cos
α(xi)
2
eiψ(xi)/2sin
α(xi)
2
)
(104)
from where we obtain the representation for the veloity through angles
φ(xi), ψ(xi) and α(xi)
~v(xi) =
1
2
(~∂φ(xi)− ~∂ψ(xi)cosα(xi)) (105)
These equation denes the veloity, if Clebsh parameters are known. Also,
as is well-known (see e.g.[3℄,[12℄) any dierentiable vetor eld ~v(xi) has the
loal representation (105) . In other words, knowing ~v(xi), we an onstrut
Clebsh parameters α(xi), φ(xi), ψ(xi) with some ambiguity. This ambiguity
arises as a set of integration onstants . In our onstrution this ambiguity
ould be understand as follows. The Lagrangian funtion (95) we onsider is
invariant with respet to the symmetry group U(2) whih ats as follows:
uα(xi)→ u˜α(xi) = Tαβuβ(xi), T+T = 1 (106)
and aording to Noether's theorem the integrals of motion, whih is the
generators of these transformations are :
t0 =
∫
d3x
1
2
u¯(xi)u(xi), t
a =
∫
d3xu¯(xi)
σa
2
u(xi) (107)
The transformations (107) hange the Clebsh variables, but does not aet
the Euler's variables. So, in partiular, the onstant shift of the angle φ(xi)
is generated by ex-Casimir N , whih in Γ˜ has lost its status, the generator
t3 shifts the angle ψ(xi) , the other two generators mix the angles ψ(xi) and
α(xi) . So the system desribed by variables (uα(xi), u¯α(xi)) is a Hamiltonian
system with symmetry and we an redue its phase spae by proedure given
by Souriau [16℄ and Marsden and Weinstain [17℄ . The redued phase spae is
the spae, where "live"almost all the Euler variables. The latter means that
the proedure of redution implies xing the integrals of motion, in partiular
to = N
2
does not anymore belongs to the set of variables.
The only problem we have now is the "heliity"funtional, whih still the
is the Casimir and the redution does not remove it. For nite dimensional
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systems the existene of Casimir implies the degerany of Poisson brakets.
It ould be easily seen from the following onsideration. By denition the
Casimir C should has a vanishing brakets with all variable
{pk, C} = 0, {qk, C} = 0 (108)
where pk, qk are all set of oordinates of the phase spae. If the Poisson
brakets are non-degenerate, the equations (108) mean that C is a onstant.
The situation for the innite dimensional system is dierent beause of
existene of so alled the funtionals with zero variation . Consider for example
an innite dimensional system , whih is desribed by the set of anonial
variables p(x), q(x) where x ∈ R . The Poisson brakets are non-degenerate:
{p(x), q(y)} = δ(x− y). (109)
In this ase we an easily onstrut a nontrivial funtional, whih will have
vanishing Poisson brakets with all variables p(x), q(x). It has the following
form:
C =
∫ ∞
−∞
dx
p′(x)q(x)− p(x)q′(x)
p2(x) + q2(x)
(110)
and has a meaning of a winding number for the phase of the omplex variable
a(x) = p(x) + iq(x), i.e. C is what physiists used to all topologial harge.
Note that in order for C to be the Casimir it is not neessary to impose the
ondition on a(x)|x→−∞ = a(x)|x→+∞ and ompatify R. In this ase C will
take an integer values and indeed will be the winding number.
The "heliity"funtional has the same origin as the funtional C in this
example. In order to see it let us introdue a unit four vetor Fk [21℄:
1√
u¯(xi)u(xi)
(
u1(xi)
u2(xi)
)
=
(
F1(xi) + iF2(xi)
F3(xi) + iF4(xi)
)
(111)
This four vetor maps S3 → S3, provided we impose on the variables u¯α(xi), uα(xi)
the asymptoti onditions : uα(x)→ u0α, when |~x| → ∞ and ompatify R3.
The heliity funtional Q given by (92) ould be written in the following
form:
Q =
1
3
∫
d3xǫabcdǫijkFa∂iFb∂jFc∂kFd, (112)
whih is the standard representation for the winding number of the map
S3 → S3, so alled Hopf invariant. Here again we should note that even if we
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neglet the asymptoti onditions on uα(x) together with ompatiation of
R3, Q is invariant with respet to loal variations and therefore has vanishing
Poisson brakets with u¯α(xi), uα(xi). So, the onlusion of these arguments
is that for innite dimensional mehanial systems the existene of Casimirs
does not neessary implies the degeneray of Poisson brakets, provided these
Casimirs are related to the geometri properties of the phase spae and the
heliity belongs to this lass of "friendly"Casimirs.
7 Inlusion of the eletromagneti interation.
Plasma.
We shall onsider plasma as a uid of two omponents, namely eletrons with
mass m and eletri harge (−e) and ions with mass M and harge (+e).
The oordinates of eletrons we shall denote as ~x(ξi), while the oordinates
of ions will be
~X(Ξi). The interation of the omponents of the plasma with
the eletromagneti eld Aµ(x) is governed by the following Lagrangian:
L = Lel0 + L
ion
0 + e
∫
d3ξ
[
A0(~x(ξi, t))− ~˙x(ξi, t) ~A(~x(ξi, t))
]
−e ∫ d3Ξ
[
A0( ~X(Ξi, t))− ~˙X(Ξi, t) ~A( ~X(Ξi, t))
]
−1
4
∫
d3xF µν(x, t)Fµν(x, t), (113)
where Lel0 and L
ion
0 are "free"Lagrangian
Lel0 =
∫
d3ξ
[
m~˙x
2
(ξi, t)
2
− f el(det∂xj(ξi, t)
∂ξk
)
]
,
Lion0 =
∫
d3Ξ
[
M ~˙X
2
(Ξi, t)
2
− f ion(det∂Xj(Ξi, t)
∂Ξk
)
]
, (114)
and Fµν(x, t) denotes the eletromagneti eld tensor:
Fµν(x, t) = ∂µAν(x, t)− ∂νAµ(x, t) (115)
The advantage of Lagrangian desription of uid (plasma) is lear. Using of
the oordinates of harged partiles as the fundamental variables allows to
introdue the interation with eletromagneti eld.
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The Lagrangian (113) possesses U(1) gauge invariane. We shall use the
usual Hamiltonian formalism for the onstraint system [18℄. The anonial
variables are:
~x(ξi), ~p(ξi) =
δL
δ~˙x(ξi)
;
~X(Ξi), ~P (Ξi) =
δL
δ ~˙X(Ξi)
;
~A(xi), ~Pem(xi) =
δL
δ ~˙A(xi)
= −~E(xi);
A0(xi), P
0
em(xi) = 0, (116)
where
~E(xi) is the eletri eld strength:
~E(xi) = −∇A0(xi)− ~˙A(xi). (117)
The last of the equations (116) is atually the primary onstraint. The
Legendre transformation of the Lagrangian (113) gives us the anonial
Hamiltonian:
H =
∫
d3x
[
1
2
(
~P 2em(xi) +
~H2(xi)
)
+ A0(xi)∇~Pem(xi)
]
+
∫
d3ξ
[
1
2m
(
~p(ξi) + e ~A(x(ξi))
)2 − eA0(x(ξi)) + f el(det∂xj(ξi,t)∂ξk )
]
+
∫
d3Ξ
[
1
2M
(
~P (Ξi)− e ~A(X(Ξi))
)2
+ eA0(X(Ξi)) + f
ion(det∂Xj(Ξi,t)
∂Ξk
)
]
,(118)
where
~H(xi) = curl ~A(xi) is the magneti eld strength.The requirement of
the onservation of the primary onstraint P 0em(xi) = 0 gives the seondary
onstraint ( Gauss law ):
∇j (Pem(xi))j − e (ρel(xi)− ρion(xi)) = 0. (119)
Now we an add to the primary onstraint P 0em(xi) = 0 the gauge xing
onditionA0(xi) = 0 and eliminate these variables from onsideration. Introduing
the x-dependent funtions instead of ξ and Ξ-dependent, as we did in the
2-nd setion we obtain the Hamiltonian of the plasma in the following form:
H =
∫
d3x
[
1
2
(
~P 2em(xi) + ~H
2(xi)
)
+
(
~l(xi) + eρel(xi) ~A(xi)
)2
2mρel(xi)
+
(
~L(xi)− eρion(xi) ~A(xi)
)2
2mρion(xi)
+ vel(ρel(xi)) + vion(ρion(xi))
]
, (120)
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where we have introdued
~l(xi) =
∫
d3ξ~p(ξi)δ(~x− ~x(ξi))
~L(xi) =
∫
d3Ξ~P (Ξi)δ(~x− ~X(Ξi)) (121)
This Hamiltonian is gauge invariant with respet to the transformations,
generated by the onstraint (119). Further we impose the Coulomb gauge
ondition on the eletromagneti eld
∇jAj(xi) = 0 (122)
and following the usual proedure will eliminate the longitudinal omponents
of
~A(xi) and ~Pem(xi). As a result of the gauge xing, the longitudinal part
of
~Pem(xi) give rise to the Coulomb term in the Hamiltonian
HCol = −e2
∫
d3x (ρel(xi)− ρion(xi))
(
− 1
4π|~x− ~y|
)
(ρel(yi)− ρion(yi)) .
(123)
and the whole Hamiltonian takes the following form:
H = HCol +
∫
d3x
[
1
2
(
~P 2em⊥(xi) +
~H2(xi)
)
+
(
~l(xi) + eρel(xi) ~A⊥(xi)
)2
2mρel(xi)
+ vel(ρel(xi))
+
(
~L(xi)− eρion(xi) ~A⊥(xi)
)2
2mρion(xi)
+ vion(ρion(xi))
]
, (124)
where the subsript ⊥ denotes the transverse omponents of eletromagneti
variables, for whih the Poisson (Dira) brakets are given by [18℄
{P em⊥j (x), A⊥k(y)} =
(
δjk − 1△∂j∂k
)
δ(~x− ~y). (125)
In equilibrium plasma the Coulomb interation is known to be sreened by
the loud and the residual Debye interation is a short rang one (see e.g. [19℄).
In [20℄ it was stated that Coulomb term is redued to the loal funtional of
the dierene of harge densities (ρel(xi)− ρion(xi)).
Following our onsideration of a uid in the Setion 3, we an introdue
the anonial oordinates
~ξ(xi), ~π(xi) for eletron and ~Ξ(xi), ~Π(xi) for ion
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omponents of the plasma:
{πj(xi), ξk(yi)} = δjkδ(~x− ~y),
{Πj(xi),Ξk(yi)} = δjkδ(~x− ~y), (126)
for whih
lj(xi) = ~ξ(xi)
∂~π(xi)
∂xj
,
Lj(xi) = ~Ξ(xi)
∂~Π(xi)
∂xj
. (127)
Substituting (127) into (124) we obtain the Hamiltonian in terms of the
anonial variables.
The Lagrangian (113) is invariant with respet to the volume preserving
dieomorphisms of both omponents of plasma separately, so we shall have in
this ase two sets of onservation laws  one for eletrons, the other for ions.
Applying the proedure, whih we have desribed in the previous setion we
shall onstrut the onserved irulations:
V elΛ =
∮
Λ dxj
lj(xi)
ρel(xi)
,
V ionΛ =
∮
Λ dxj
Lj(xi)
ρion(xi)
, (128)
where lj(x) and Lj(x) are given by (127). In the same way we an onstrut
the analogues of the integrals (85) and (87) for this ase. Note that in the
ase of plasma the equation (44) is not valid due to the presene of the
eletromagneti eld, instead we have:
~l(x) = ρel(x)
(
m~vel(x)− e ~A(x)
)
,
~L(x) = ρion(x)
(
M~vion(x) + e ~A(x)
)
, (129)
therefore the equations (128) are not the irulations of the veloities. In the
same time, adding irulations V elΛ and V
ion
Λ on the ommon ontour Λ we
obtain:
VΛ = V
el
Λ + V
ion
Λ =
∮
Λ
dxj (mvel(x) +Mvion(x)) , (130)
so the total irulation of eletions and ions veloities is onserved even in
the presene of the eletromagneti interation.
26
Summarizing we an say that the phase spae of plasma Γ in Coulomb
gauge is the spae with oordinates
~A⊥(x), ~P
em
⊥ (x);
~ξ(xi), ~π(xi); ~Ξ(xi), ~Π(xi)
with Poisson brakets given by (125) and (126). The evolution of a state in Γ
is dened by the Hamiltonian (124). In the same time we an use inomplete
desription in the terms of Euler variables, but in the ase of plasma the
Poisson brakets for the veloities are hanged beause of the presene of
eletromagneti eld in equations (129). For example the Poisson brakets
for the veloities of eletrons take the following form:
{vj(xi), vk(yi)} =
− 1
mρ(x)
[
∂jvk(xi)− ∂kvj(xi) + em(∂jAk(x)− ∂kAj(x))
]
δ(~x− ~y). (131)
The same way are hanged the Poisson brakets of the veloities of ions, while
the brakets involving densities are not hanged.
8 Gravitating gas
In the reent paper [6℄ we have onsidered the Hamiltonian formalism for
uid and gas based on the Lagrangian desription. It was pointed out in this
paper that apart from other advantages, the Lagrangian desription, whih
uses the trajetories of the partiles of uid (gas) as the dynamial variables,
is the most onvenient for the introdution of interation. In partiular in the
previous setion it was demonstrated how the introdution of the eletromagneti
interation of partiles whih onstitute the uid, provide us with the theory
of plasma. In the present paper we are going to onsider in analogous way the
theory of gas of partiles whih interat with eah other through gravitational
Newton potential. The system of suh partiles ould be onsidered as a
model for the motion of stars in a galaxy when the gravitation interation
prevails all other interation. The total number of stars in typial galaxy is
of the order of 1013−1014, so it may be reasonable to onsider this olletion
of "partiles"as a gas.
The simplest model, whih is usually used for numerial simulation of
N-body model of galaxy is desribed by the Hamiltonian
H =
N∑
i=1
~pi
2
2mi
− γ
N∑
i 6=j
1
|~xi − ~xj | ,
where ~xi, ~pi are anonial oordinates of partiles (stars) with masses mi.
The model we are going to onsider is based on the dynamis desribed by
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H with the assumption mi = m, when N →∞. For this limit there appears
a natural desire to onsider a ontinuous distribution of the partiles as it is
done in the theory of uid or gas [22℄.
The Lagrangian of the ontinuous system of partiles interating through
Kepler potential has the following form:
L =
∫
d3ξρ0(ξi)
m~˙x
2
(ξi, t)
2
+
γ
2
∫
d3ξd3ξ′
ρ0(ξi)ρ0(ξ
′
i)
|~x(ξi, t)− ~x(ξ′i, t)|
, (132)
where γ denotes the gravitational onstant. Comparing [132℄ with [19℄ we
see that the only dierene is in the form of "potential energy"therefore the
anonial formalism for gravitating gas essentially the same , as for uid. In
suh a way we an immediately write the Hamiltonian of gravitating gas:
H =
∫
d3ξ
~p(ξ, t)2
2m
− γ
2
∫
d3ξd3ξ′
ρ0(ξ)ρ0(ξ
′)
|~x(ξi, t)− ~x(ξ′i, t)|
(133)
Inserting into the integrals in the r.h.s of [133℄ the unity
1 =
∫
d3xδ(~x− ~x(ξi)), (134)
as we did in the Setion 3 we an rewrite [133℄ via x-dependent variables:
H =
∫
d3x
1
2mρ(xi)
~l2(xi)− γ
2
∫
d3xd3y
ρ(xi)ρ(xi)
|~x− ~y| . (135)
Certainly the attrative interation between partiles will dramatially hange
the properties of gravitating gas
The equations of motion, whih follow from the Lagrangian (132) have
the form:
m~¨x(ξi, t) + γ
∫
d3ξ′ρ0(ξ
′
i)
~x(ξi, t)− ~x(ξ′i, t)
|~x(ξi, t)− ~x(ξ′i, t)|3
= 0 (136)
Translating equation (136) on to the language of Euler variables, as has been
done above we arrive at the following set, inluding the ontinuity equation:
~˙v(xi, t) + vk(xi, t)
∂
∂xk
~v(xi, t) =
γ
m
∂
∂~x
∫
d3y
ρ(yi, t)
|~x− ~y| , (137)
ρ˙(xi, t) +
∂
∂~x
(
ρ(xi, t)~v(xi, t)
)
= 0. (138)
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Note that the r.h.s of the equation (16) in the ase of ordinary gas or uid
is expressed through the internal pressure p(xi);
~˙v(xi, t) + vk(xi, t)
∂
∂xk
~v(xi, t) = − 1
ρ(xi)
∂
∂~x
p(xi) (139)
The set (16),(17) denes the evolution of initial distribution of ρ(xi, t0), ~v(xi, t0)
of gravitating gas and, besides it ould be used to nd the stati onguration
of this gas for dierent boundary onditions. In partiular we an explore the
possibility of the existene of the stati isolated ongurations of gravitating
gas. Isolation here means that density ρ(xi) vanishes at innity. Note, that for
usual uid, gas or plasma these kind of solutions are forbidden due to virial
arguments, known in the ase of plasma as Shafranov's theorem [23℄,[24℄. For
the gas, desribing by equation (139) this theorem ould be proven as follows.
First, using the ontinuity equation let us rewrite equation (139) for stati
ase in the following form:
∂
∂xk
[
ρ(xi)vk(xi)vj(xj) + δjkp(xi)
]
= 0. (140)
Integrating (140) with xj over R
3
we obtain:
0 =
∫
d3xxj
∂
∂xk
[
ρ(xi)vk(xi)vj(xj) + δjkp(xi)
]
= (141)
∫
d3x
∂
∂xk
(
xj
[
ρ(xi)vk(xi)vj(xj) + δjkp(xi
])
−
∫
d3xδjk
[
ρ(xi)vk(xi)vj(xj) + δjkp(xi)
]
For usual gases p(xi) ∼ ργ(xi), γ > 0, therefore the integral over divergene
will vanish for isolated solutions for whih ρ(xi)→ 0 when |~x| → ∞ and we
the obtain the following equation:
∫
d3x
[
ρ(xi)~v
2(xj) + 3p(xi)
]
= 0. (142)
Apparently, this equation ould be satised only for the ase ρ(xi) = 0, i.e.
there is no isolated in the above formulated sense, stati solutions of the
equation (139). In order to have a stati solution of (139) we need to hange
the boundary ondition ρ(xi) → 0 to the ondition ρ(xi) → ρas , where ρas
is asymptoti uniform density.
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Now we shall show that the arguments of this theorem bring no obstales
for gravitating gas. For this we again will rewrite the equations (16) for the
stati ase, using ontinuity equation in the following form:
[
∂
∂xj
(
ρ(xi)vk(xi)vj(xi)
)
− γ
m
ρ(xi)
∂
∂xk
∫
d3y
ρ(yi, t)
|~x− ~y|
]
= 0, (143)
Integrating (143) with xk over R
3
we obtain:
∫
d3xxk
[
∂
∂xj
(
ρ(xi)vk(xi)vj(xi)
)
− γ
m
ρ(xi)
∂
∂xk
∫
d3y
ρ(yi, t)
|~x− ~y|
]
= 0. (144)
Consider the rst term of the integrand in (144). Integrating by parts as
above and taking into aount the asymptoti onditions for ρ(xi) we obtain:
∫
d3xxk
∂
∂xj
(
ρ(xi)vk(xi)vj(xi)
)
= −
∫
d3xρ(xi)~v
2(xi). (145)
Integration of the seond term of the integrand in (144) is straightforward,
yielding
− γ
m
∫
d3xxkρ(xi)
∂
∂xk
∫
d3y
ρ(yi, t)
|~x− ~y| =
γ
2m
∫
d3xd3y
ρ(xi)ρ(xi)
|~x− ~y| (146)
In suh a way from equation (144) we obtain:
∫
d3xρ(xi)~v
2(xi)− γ
2m
∫
d3xd3y
ρ(xi)ρ(xi)
|~x− ~y| = 0. (147)
This relation apparently ould be satised for non-trivial ongurations of
ρ(xi), ~v(xi). The energy funtional, orresponding to the Lagrangian (17) has
the following form:
E =
m
2
∫
d3xρ(xi, t)~v
2(xi, t)− γ
2
∫
d3xd3y
ρ(xi, t)ρ(yi, t)
|~x− ~y| (148)
The two terms of the energy funtional have lear interpretation as kineti T
and potential U parts of energy and equation (144) expresses famous "virial
theorem"[1℄:
2T = −U. (149)
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Note here, that in the "virial theorem"equation (149) holds true for mean
values of kineti and potential energies, while in our ase of stati solutions
there is no need to average over time.
Using the relation (149) we an easily nd the total energy of stati
onguration of the gravitating gas:
Estatic = −m
2
∫
d3xρ(xi)~v
2(xi) = (150)
= −γ
4
∫
d3xd3y
ρ(xi, t)ρ(yi, t)
|~x− ~y| .
So, the total energy of the stati solution is negative, as for the bound state
of Kepler problem.
9 Properties of Stati Solutions
The equations whih dene our stati ongurations of gravitating gas have
the following form:
vk(xi)
∂
∂xk
~v(xi) =
γ
m
∂
∂~x
∫
d3y
ρ(yi)
|~x− ~y| ,
∂
∂~x
(
ρ(xi)~v(xi)
)
= 0 (151)
Taking divergene of the rst equation :
~∂
(
vk(xi)
∂
∂xk
~v(xi)
)
=
γ
m
∆
∫
d3y
ρ(yi)
|~x− ~y| =
=
γ
m
(−4π)ρ(xi), (152)
we an write the whole set of the equations for stati onguration in a pure
loal form:
~∂
(
vk(xi)
∂
∂xk
~v(xi)
)
= −4π γ
m
ρ(xi),
∂
∂~x
(
ρ(xi)~v(xi)
)
= 0,
~∂ ×
(
vk(xi)
∂
∂xk
~v(xi)
)
= 0, (153)
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where the last equation requires the expression vk(xi)
∂
∂xk
~v(xi) to be a gradient.
Now we are going to derive an important inequality, whih bounds the
(−Estatic) of any solution of (153) from below. For this let us introdue the
notation for the potential U(xi):
U(xi) = −
∫
d3y
ρ(yi)
|~x− ~y| (154)
Integrating by parts we obtain the following relation:∫
d3x
(
~∂U(xi)
)2
= 4π
∫
d3xd3y
ρ(xi, t)ρ(yi, t)
|~x− ~y| (155)
Using (155) we an write the expression for the energy given by (150) of any
stati onguration, whih is the solution of (153) in the following form:
Estatic = − γ
16π
∫
d3x
(
~∂U(xi)
)2
(156)
Substituting into (156) the expression for the gradient of the potential U(xi)
from the rst equation (151), we obtain the expression for the Estatic only
through the eld of veloity:
−Estatic = m
2
16πγ
∫
d3x
(
vk(xi)
∂
∂xk
~v(xi)
)2
(157)
This form is most onvenient for the derivation of desired inequality. Now let
us onsider a funtion f(xi) from the Hilbert spae W
1
2 , whih onsists of all
measurable funtions on R3, whih have at least one derivative and square
integrable on R3 together with its derivatives. In partiular we assume that
the density ρ(xi) belongs to W
1
2 . Taking into aount the equation (152) we
have
| ∫ d3xρ(xi)f(xi)| = | m4πγ ∫ d3xf(xi)∂k
(
vj(xi)∂jvk(xi)
)
|
= | m
4πγ
∫
d3x∂kf(xi)vj(xi)∂jvk(xi)|
≤ m
4πγ
(∫
d3x(∂kf(xi))
2
)1/2(∫
d3x(vj(xi)∂jvk(xi))
2
)1/2
, (158)
where on the last step we have used Cauhy inequality. From (158) we
immediately obtain the inequality:
− Estatic ≥ πγ
(∫
d3xρ(xi)f(xi)
)2
∫
d3x(∂kf(xi))2
, (159)
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whih is valid for any f(xi) from W
1
2 and is saturated for f(xi) = U(xi).
Indeed, let us alulate the derivative of the funtional in the r.h.s of (159)
with respet to f(xi):
δ
δf(xi)
(∫
d3xρ(xi)f(xi)
)2
∫
d3x(∂kf(xi))2
= 2
(∫
d3xρ(xi)f(xi)
)2
∫
d3x(∂kf(xi))2
[ ρ(xi)
(
∫
d3xρ(xi)f(xi)
+
∆f(xi)∫
d3x(∂kf(xi))2
]
. (160)
This derivative vanishes for f(xi) = fmax(xi) given by
fmax(xi) = C∆
−1ρ(xi) = C
′U(xi), (161)
where C and C ′ are inessential onstants, whih do not enter into the funtional.
It is easy to prove that the seond variation of this funtional is negative
on the fmax(xi), so this funtion provides the absolute maximum for the
funtional and due to the equations (155-157) its value oinides with the
l.h.s. of (159). However, the funtion fmax(xi) does not belong to the Hilbert
spae W 12 , beause the potential U(xi) has the asymptoti behavior
1
|~x|
at
innity and therefore is not square integrable.
The integral J whih enters into inequality (159) ould be written in the
following form
J =
∫
d3xρ(xi)fN(xi), (162)
where we denoted as fN (xi) the normalized funtion f(xi):
fN(xi) =
f(xi)√∫
d3x(∂kf(xi))2
=
f(xi)
‖∂kf(xi)‖2 . (163)
In the Hilbert spae W 12 the Holder's inequality holds true:
|
∫
d3xf(xi)g(xi)| ≤ ‖f‖p‖g‖p′, 1
p
+
1
p′
= 1 (164)
as well, as the remarkable Ladyjenskaya's [25℄ inequality:
‖f‖6 ≤ (48)1/6‖∂kf‖2 (165)
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Here we use the standard notations:
‖f‖p =
(∫
d3xf(xi)
p
)1/p
,
‖∂kf‖p =
(∫
d3x|∂kf(xi)|p
)1/p
From these two inequalities we obtain the following bound for the integral J :
|J | ≤ (48)1/6‖ρ‖6/5 (166)
The fats mentioned above ould possibly support the statement that the
(−Estatic) is bounded from below by appropriate norm of the density. Indeed,
the absolute maximum of the funtional |J | should be bigger when its maximum
in a restrited spae likeW 12 , given by (166). However we an not present the
rigorous proof of this statement.
One of the other general property of a stati ongurations of gas or uid
is the existene of the topologial harge  "heliity"(or Hopf invariant),
whih expliit form is
q =
∫
d3x~v(xi)rot~v(xi). (167)
This objet is not only the integral of motion of the equations (16) but it also
is the entral element of the algebra of Poisson brakets of (~v(xi), ρ(xi)) [6℄.
The existene of suh an objet brings additional argument for the stability
of the solitons. The role of "heliity"in the ase of the solitons in plasma
was pointed out in [21℄,[24℄. Moreover, in [?℄ it was shown that there exists
a remarkable inequality whih bounds the energy of plasma solitons from
below by q3/4. The derivation of suh inequality for our ase (and in general
for uid solitons ) is highly desirable and we going to onsider this question
in the future publiations.
10 On the Possible Struture of the Stati Solutions
The equations (153) whih dene the stati ongurations of gravitating gas
are 3-dimensional nonlinear partial dierential equations and the probability
to nd an analyti solution is very low. The only ase where a lass of
solutions was found in a similar situation is the t'Hooft-Polaykov monopole,
but there the requirement of the spherial symmetry simplied essentially the
problem. In our ase we an not expet the spherially symmetri solution
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beause the ontinuity equation requires the trajetories of the partiles
be losed in order to provide the stati onguration for ~v(xi), ρ(xi). The
simplest and most symmetri onguration we ould expet for our ase is
the toroidal struture, where the density is onentrated in the viinity of the
axis of the toroid, while the eld of veloity is tangential to the embedded
one into the other toroidal surfaes. It is not the rst time the toroidal-shape
soliton appeared in the ontext of the theory of ontinuous media. Sine
the pioneer works of Lord Kelvin in XIX entury to the present time it was
studied by many sientists both mathematiian and physiists and reently
the interest to the subjet was again attrated by the works of Faddeev and
Niemi [20℄,[21℄
It is lear that in the ase of attrative gravitational interation the
partiles, whih onstitute the gas move around the region with bigger density
(like planets around the Sun) so there should exists a olletive motion in the
approximation when the radius of torus tends to innity and we an speak
about ylindrial rather when toroidal onguration. Indeed, let us onsider
this axially symmetri tornado-like solution of (153). For that we shall write
the Ansazt:
~v(xi) = v(r)(−y
r
,
x
r
, 0),
ρ(xi) = ρ(r), (168)
where r =
√
x2 + y2. The seond and the third equations (153) are satised
by (168), while the rst gives
1
r
∂rv(r)
2 = 4π
γ
m
ρ(r). (169)
This solution shows that the density stays an arbitrary funtion (what is
expeted for the partial dierential equations) and the veloity grows with
radius up to its asymptoti value. The later is the onsequene of the approximation
here we atually have 2-dimensional potential logr instead of Coulomb 1
r
. This
example is to demonstrate that the partiles whih onstitute the gravitating
gas in their olletive motion form the loalized objet.
The traditional way to takle 3-dimensional gas or uid is to introdue for
the veloity Clebsh parametrization suggested in [8℄ and reently disussed
in[11℄. In general ase this parametrization has the following form:
~v(xi) = f(xi)~∂g(xi) + ~∂h(xi), (170)
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where f(xi), g(xi), h(xi) are salar funtions. For the toroidal solution with
z  as the axis of symmetry we shall assume that the density ρ(xi) does
not depend upon the azimuth angle φ and Clebsh parametrization takes the
form:
~v(xi) = cosα(r, z)~∂β(r, z) + k~∂φ(xi), (171)
where r, z, φ are ylindrial oordinates,
r =
√
x2 + y2
φ(xi) = arctang
y
x
In uid dynamis the parametrization (171) has an interesting mehanial
interpretation whih we shall disuss elsewhere. The "heliity"funtional for
this ase has the following form
q =
∫
kdφ(xi) ∧ dcosα(r, z) ∧ dβ(r, z)
= 2πk
∫
dcosα(r, z) ∧ dβ(r, z) (172)
The funtion β(r, z) in (171) should has a singularity at the point (rc, 0) in
the semi-plane (r, z) where rc is the radius of axis line of the torus. When
the point (r, z) goes around (rc, 0), the funtion β(r, z) inreases on 2π
1
. The
gradient of suh funtion will be the vetor tangential to the toroidal surfaes.
The addition of the gradient of azimuthal angle φ makes the veloity (171)
winding also in the azimuth diretion. Suh a behavior of the eld of veloity
leads to the nontrivial Hopf invariant, whih haraterizes the homotopy
lasses π3(S
2). Desribed this way the Clebsh parameters, together with the
density ρ(xi) ould be found by numerial integration of the equations (153).
The onstrution we presented and disussed above would be inomplete
and too aademi without an example of the galaxy whih indeed may
demonstrate the toroidal struture. Fortunately suh galaxy does exists. It
was disovered bak in 1950 by Art Hoag and reently a very good piture
was obtained by Hubble telesope (see gure 1). On this piture learly seen
the toroidal struture. In the gallery of the galaxies whih is available on the
sites http://www.astronomy.om or http://hubblesite.ogr we an nd some
other examples with the form more or less lose to the torus, but the Hoag's
objet is the best of all.
1
Compare this with the similar parametrization of the dynamial variables in [21℄ for
the ase of plasma.
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èñ. 1: The above photo taken by the Hubble Spae Telesope in July
2001 reveals unpreedented details of Hoag's Objet and may yield a better
understanding. Hoag's Objet spans about 120,000 light years and lies about
600 million light years away toward the onstellation of Serpens.
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11 Conluding remarks
Here we have onsidered dierent aspets of Hamiltonian formalism for several
types of ontinuous media  gas, uid, plasma and gravitational gas. In
spite of dierent properties of these media, all of it ould be treated within
universal formalism and dierene arises due to spei interation between
onstituents. As it was shown the Lagrangian approah provides the simplest
way to introdue dierent types if interation beause it uses oordinates of
partiles as basi variables. Having onstruted Lagrangian formalism we an
derive Euler equations of motion and also the whole set of Poisson brakets
for Euler variables.
The C2 formalism of ontinuous media onsidered in Setion 6 gives a
frameworks for quantum theory whih may be useful for the desription of
Bose-Einstein ondensation in gas and this subjet needs further in-depth
study.
Another subjet whih we are going to explore in the future is the theory
of gravitating gas. Real hallenge here is to nd analytially toroidal soliton
whih ould desribe ring galaxies.
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